The aim of this paper is to clarify the relation between three different approaches of theories with a minimal length scale: A modification of the Lorentzgroup in the 'Deformed Special Relativity', theories with a 'Generalized Uncertainty Principle' and those with 'Modified Dispersion Relations'. It is shown that the first two are equivalent, how they can be translated into each other, and how the third can be obtained from them. Self-consistency requires that all three features be present to adequately describe the effects of a minimal length.
The Role of the Planck Scale
Gravity itself is inconsistent with physics at very short scales. The introduction of gravity into quantum field theory appears to spoil their renormalizability and leads to incurable divergences. It has therefore been suggested that gravity should lead to an effective cutoff in the ultraviolet, i.e. to a minimal observable length. It is amazing enough that all attempts towards a fundamental theory imply the existence of such a minimal length scale. It is expected that the minimal length, L m is close by, or identical to the Planck length.
Motivations for the occurrence of a minimal length are manifold. A minimal length can be found in String Theory [1, 2, 3, 4] , Quantum Loop Gravity [5, 6, 7, 8] , and Non-Commutative Geometries [9, 10] . It can be derived from various studies of thoughtexperiments [11, 12, 13, 14] , phenomenological examinations of precision measurements [15, 16, 17, 18] , from black hole physics [19, 20] , the holographic principle [21] , a Tduality of the path-integral [22, 23, 24] and probably further more. For reviews, the interested reader is referred to [25, 26, 27] . The listed points are cross-related in many ways. The examination of these similarities in the presently availably approaches is a promising way to increase our knowledge about the quantum nature of gravity.
Besides the various attempts to pin down the emergence of a finite resolution of spacetime, the inclusion of the minimal length into the theoretical framework of the Standard Model (SM) has been examined from different sides: The Generalized Uncertainty Principle (GUP), Deformed Special Relativity (DSR) and Modified Dispersion Relations (MDR). These theories are an effective description of the expected effects of quantum gravity and provide us with a useful framework to describe the phenomenology of physics beyond the SM.
The aim of this work is to clarify the interrelationships of the different approaches to ensure the self-consistency of theories with a fundamental minimal length scale. This paper is organized as follows. In the next section, we will briefly introduce the basic formalism of the three approaches. In section three we will examine the relations between them. We conclude in section 4. Throughout this paper we use the convention h = c = 1.
The Three Faces of the Minimal Length
The phenomenology that arises from a finite resolution of space-time, and the mathematical structure associated with it, have been investigated closely [28, 29, 30, 31, 32, 33, 34] . In the scenario without extra dimensions, the derived modifications are important mainly for structure formation and the early universe [35, 36, 37, 38, 39, 40, 41, 42] . The importance to deal with the minimal length is sensibly enhanced if we consider a spacetime with large extra dimensions [43, 44, 45 ].
GUP
Test particles of a sufficiently high energy to resolve a distance as small as the Planck length are predicted to gravitationally curve and thereby to significantly disturb the structure of the spacetime which they are meant to probe. Thus, in addition to the expected quantum uncertainty, there is another uncertainty caused which arises from spacetime fluctuations at the Planck scale.
This behavior can be quantified by allowing the properties of the wave-vector k = (ω, k) to be modified at highest energies, such that k is no longer linear to the momentum p. In particular, we will want the wave-length and thereby the resolution of spacetime to have the lower bound L m , no matter how much we increase p.
In the following, we will restrict ourselves to the isotropic case in which it will be sufficient to work with one space-like dimension. We denote the simplified wavevector as k = (ω, k). Denoting the momentum with p = (E, p), we can quantify the
We will assume that the function is well-defined in a suitable manner, smooth and differentiable and that it is a one-to-one map which can be inverted
It has to fulfill the low energy limit
and it should be bounded by the minimal length:
The quantization of this ansatz is straightforward and follows the usual procedure. The commutators between the corresponding operatorsk andx remain in the standard form. Using the well known commutation relations and inserting the functional relation between the wave vector and the momentum then yields the modified commutator for the momentum
This results in the Generalized Uncertainty Principle (GUP)
which reflects the fact that by construction it is not possible any more to resolve spacetime distances arbitrarily well. Since f 1 (p) gets asymptotically constant, the derivative ∂ p f 1 drops to zero and the uncertainty in Eq. (6) increases for high energies. We will refer to this theory as a GUP, if f = Id.
Various examples for the function f can be found in [46, 47, 48] . A very common choice is
with
For many applications, only a first order expansion of f is examined, in which case the constraint Eq. (4) might not be fulfilled for all p. For example, consider the case [49] 
where α is some constant parameter of order one.
DSR
By definition, a minimal length should not undergo a Lorentz-contraction when it is boosted. That means, a modification of the Lorentz-transformations at high momenta becomes necessary. The new transformations should not only leave the speed of light invariant, but have the minimal length as a second invariant. This is not a breaking of Lorentz-invariance (i.e. an exceptional reference frame) but a deformation of the Lorentz-invariance at high energies [47, 48, 49, 50, 51, 52, 53, 54, 55, 56] .
The momentum is a Lorentz-vector in the standard way, and it transforms according to the usual Lorentz-transformation, Λ. The matrix Λ is an element of the Lorentzgroup SO(3, 1), and can be parameterized by the six parameters of the group. These parameters will encode the nature of the transformation, i.e. the type of rotation and the boost. Under a change of inertial systems the transformation is then
In order to enable the invariance of the minimal length, it is now assumed that the wave vector behaves according to an unknown new transformation Λ. The modified transformation property of the wave-vectors are thereby achieved by allowing the generators of the Lorentz-group to act non-linearly on the space of wave-vectors. Exponentiating the infinitesimal transformations then results in an explicit dependence of the modified Lorentz-transformation on the wave-vector. We will denote this as
where the transformations Λ fulfill the requirements of forming a group. An example [52] for such a modified boost is
with the standard notation β = v, γ −2 = 1 − β 2 . Because of isotropy, the subgroup of rotations remains unmodified. Starting in the rest frame of a particle (ω, 0), we see that neither ω ′ nor k ′ can exceed the limiting value 1/L m . The possible modification of the Lorentz-transformation at highest energies has recently received large interest as a candidate to explain the observations of ultra high energetic cosmic rays [58, 59, 60, 61, 62, 63, 64, 65 ].
MDR
The ordinary relativistic dispersion relation for a particle of mass m has the form
We will call the dispersion relation for k modified, when it takes the form ‡
Confusingly, the term 'dispersion relation' is also widely used for the derivative dk/dω. In the following, we will refer to the dispersion relation in the form of Eq. (14) . In the case in which dω dk = dE dp ,
we will have a theory with a variable speed of light (VSL). As will be discussed below, a MDR must not necessarily imply a VSL. ‡ Bringing a dispersion relation into this general form is not sufficient. One has to show that the right side of Eq. (15) does not vanish identically.
Relations Between Different Approaches
It is apparent that the three different approaches are related to each other and that they must be treated as a threesome for a self-consistent framework. Even though the presence of relationships in special cases has been examined previously [48, 57] , a clarification of the precise form remains to be given. It is of particular interest, whether each ansatz is equivalent to the others, and if so, how the one can be obtained from the other in practice.
GUP ⇒ DSR
This GUP is connected with the DSR in a very general way by observing that once the functional relation f between the quantities k and p is known, the transformation of k can be obtained from that of p. Even though the wave-vector transforms in an unknown way, we can find it by using the related momentum with help of f , then applying the standard Lorentz transformation to the momentum, and finally using the inverse of f :
DSR ⇒ GUP
Now let us assume that we know the new transformation Λ for the wave-vector k in addition to the standard transformation Λp, and we aim to know the pair (f (p), p) for all values of p. Therefore, let us first remember that we know some special pairs (f (p ′ ), p ′ ) in the low energy regime (rest frame or very red shifted), where |E ′ |, |p ′ | ≪ m p . In this limit, we will have no modifications k ′ = p ′ and so f = Id .
We then obtain the function f at all energies by boosting it into a new inertial system in which p takes an arbitrary value. Since this boost is known, we can define the relation f for all p via
DSR,GUP ↔ MDR
Now that we have seen how GUP is equivalent to DSR, let us examine their relation to the MDR. From the previous arguments, it will be sufficient to examine the way the GUP and MDR do affect each other. From a simple counting of equations one can already see that both in general will not be equivalent. The MDR in Eq. (15) is one equation to relate the pairs of (ω, k), but we will not know how these are related to the pairs of (E, p). Even with the assumption of isotropy, recovering GUP requires the knowledge of two unknown functions f 0 and f 1 .
Using the relation between p to k one can, however, immediately write down the form of the dispersion relation with a GUP
Comparing with Eq. (15), we find the translation of GUP into MDR
Even if it will, in general, not be possible to obtain the GUP-functions out of the MDR, there is an important and frequently used case in which there exists a useful relation: When both components of the vector do not mix, that is they take the form f 0 (p) = f 0 (E) and f 1 (p) = f 1 (p), or
respectively (the example in Eq. (8) is of this case) then Π(k) takes the special form
Since Π(0) = 0, Eq. (21) can then be cleanly separated and yields the invertible relations
MDR ↔ VSL
As mentioned earlier, a MDR must not necessarily imply a varying speed of light. Using Eq.(20) with zero rest mass and taking the square root results in
which implicitly defines the mass-shell condition as ω(k). The total derivative with respect to k yields
taken at the position k = (ω(k), k). Therefore, the theory will leave the speed if light unmodified if f fulfills the constraint
which expresses the invariance of the light-cone. Two useful classes of function that respect the constancy of the speed of light, and which are appealing because of their symmetry are
and with otherwise arbitrary g, h. For these functions, the dispersion relation for vanishing rest mass is not modified as one sees directly by inserting them in Eq. (25) from which follows that Π(k) = 0. The dispersion relation in the form Eq.(15) will be modified for massive particles, even though the speed of light is still 1. Functions of the type f −1 (k) = (g(ω), g(k)), which were discussed in [43] are a special case of (29) . Functions of the type (28) were discussed in [47] . 
Conclusions
We have shown that theories with a Generalized Uncertainty Principle are equivalent to these with a Deformed Special Relativity and that they can be obtained from each other in a straightforward way. We have derived how both result in a modified version of the dispersion relation, which must not necessarily imply a varying speed of light. The explicit translations between the existing approaches have been given. Provided that all three modifications are made together, the framework is a self-consistent extension of the Standard Model. The found relations between the different approaches towards a theory with a minimal length scale are summarized in Fig. 1 .
